A rigorous method for obtaining the diffraction patterns of quasicrystals is presented. Diffraction patterns are an essential analytical tool in the study of quasicrystals, since they can be used to determine their photonic resonances. Previous methods for approximating the diffraction patterns of quasicrystals have relied on evaluating the Fourier transform of finite-sized super-lattices. Our approach, on the other hand, is exact in the sense that it is based on a technique that embeds quasicrystals into higher dimensional periodic hyper-lattices, thereby completely capturing the properties of the infinite structure. The periodicity of the unit cell in the higher dimensional space can be exploited to obtain the Fourier series expansion in closed-form of the corresponding atomic surfaces. The utility of the method is demonstrated by applying it to one-dimensional Fibonacci and two-dimensional Penrose quasicrystals. The results are verified by comparing them to those obtained by using the conventional super-lattice method. It is shown that the conventional super-cell approach can lead to inaccurate results due to the continuous nature of the Fourier transform, since quasicrystals have a discrete spectrum, whereas the approach introduced in this paper generates discrete Fourier harmonics. Furthermore, the conventional approach requires very large super-cells and high-resolution sampling of the reciprocal space in order to produce accurate results leading to a very large computational burden, whereas the proposed method generates accurate results with a relatively small number of terms. Finally, we propose how this approach can be generalized from the vertex model, which assumes identical particles at all vertices, to a more realistic case where the quasicrystal is composed of different atoms.
Introduction
A crystal is defined as a solid having an essentially discrete diffraction pattern [1] . In 1984, Dr. Daniel Shechtman reported that the electron diffraction pattern of a rapidly solidified alloy of aluminum (Al) and manganese (Mn) displayed a discrete spectrum and five-fold rotational symmetry [2] . The discrete diffraction peaks satisfied the definition of a crystal; however, mathematically, five-fold rotational symmetry could not be produced by a strictly periodic lattice [1] . His results were highly controversial and met with great resistance in the academic community, since it was a commonly-held belief that all crystals possessed translational symmetry. Over the next decade, several other groups reported similar observations, and this new class of crystals (1) The approach attempts to capture the properties of an infinite structure with a finite lattice.
Thus, the truncated lattice must be large enough to display the long-range order characteristics of the QC. ( 2) The reciprocal space of QCs is densely filled [19] ; thus, the sampling of the FT must be performed with a very fine resolution to capture all of the diffraction spots.
Besides the fact that this approach is often computationally expensive, it can produce inaccurate results since it attempts to capture the properties of an infinite structure by only considering a finite subset of it. Another challenge that will be examined later is that using larger and larger lattices as indicated by Requirement #1 will lead to narrower, delta-like peaks in the reciprocal space that can only be detected by increasing the sampling rate in #2, which further compounds the computational burden of this approach. We will demonstrate this problem more clearly in the next section.
In this paper, we present a novel and rigorous method to generate the diffraction patterns of QCs based on the so-called higher dimensional approach, which captures all of the properties and symmetries of the entire infinite structure by a single unit cell in higher dimensional space [20] . The QC lattices are generated by taking 1D or 2D irrational slices of higher dimensional periodic hyper-lattices. Formally, this method is referred to as the cut-and-project method [20] . The dimensionality of the hyper-lattice corresponds to the rotational symmetry of the QC.
While mathematically more involved, this approach elegantly captures all of the symmetries of the QC lattice within a unit cell of the hyper-lattice [18] .
Here, we present a rigorous method of obtaining the diffraction pattern of a QC based on the Fourier series (FS) expansion of the higher dimensional unit cell, which leads to discrete harmonics. Unlike the traditional methods, which apply a FT to a finite-sized supper-lattice, our method is capable of capturing the exact diffraction pattern corresponding to an infinite QC lattice. To demonstrate the validity of our approach, we present two examples. First, we consider a 1D Fibonacci QC, which can be obtained as an irrational slice of a 2D periodic lattice. Next, we consider a 2D Penrose QC, which can be obtained either as a 2D slice of a 5D hyper-cubic lattice [20] or as a 2D slice of a 4D root lattice A 4 [21] . Here, we employ the 4D root lattice in our derivations, since it reduces the computational burden of the problem.
Quasicrystals
As was noted earlier, crystals are identified by their discrete diffraction pattern. Mathematically, there is a close relationship between diffraction patterns and the FT of point lattices. The Dirac delta function introduces a convenient way to represent a set of scatterers as a summation of infinitesimal points. We start by considering Λ = { x 1 , x 2 , . . .} as a discrete set of points in n-dimensional Euclidean space E n where x k is an n-dimensional vector representing the location of the k-th point in Λ. The FT of this lattice denoted byf ( s) is obtained from the following integral:
where i = √ −1. It can easily be shown that for an infinite periodic lattice, the FT in Equation (1) becomes a discrete periodic impulse train or in essence, it becomes a FS. A periodic point lattice is said to possess translational symmetry, since a translation mapping by any integer summation of lattice vectors will map the lattice onto itself. Another property associated with crystals is their rotational symmetry. The rotational symmetry of a crystal is defined in terms of the rotational symmetry of its diffraction pattern. Thus, if the diffraction pattern of a point set is unchanged by a 2π n rotation, the point set is said to possess n-fold rotational symmetry. According to the crystallographic restriction theorem, rotational symmetries of order five and those greater than six are impossible for diffraction patterns of periodic lattices existing in 2D and 3D space [1] .
The Fibonacci QC is an example of a 1D QC. A Fibonacci sequence can be obtained iteratively from the alphabet set {A, B}, using the substitution rule: A → AB, B → A. Traditionally, F n denotes the Fibonacci sequence obtained after n iterative substitutions starting with F 0 = B [18] :
Generating a Fibonacci point lattice from a Fibonacci sequence is accomplished by assigning a thickness α, β to A and B, respectively, such that α β = τ where τ = 1 + √ 5 /2 is the golden ratio [1] and placing points at all junctions. Figure 1 shows the normalized diffraction pattern of a Fibonacci lattice with 4181 point scatterers, which corresponds to F 18 , as defined in Equation (2) . The diffraction pattern is obtained as the magnitude of the FT defined in Equation (1) where the reciprocal space region −10 ≤ s ≤ 10 has been sampled at 100,001 equidistant points.
The Penrose QC, which is obtained from the Penrose aperiodic tiling, is an example of a 2D QC. The Penrose aperiodic tiling was discovered by Sir Roger Penrose in 1974 [22] . The Penrose lattice prototiles consist of a narrow (vertex angles π/4 and 4π/5), shown in Figure 2a , and a wide (vertex angles 2π/5 and 3π/5) rhombi tile, shown in Figure 2b , of identical sides. The tiling, shown in Figure 2c , is obtained based on specific matching rules, which requires aligning arrows and double arrows, while pacing prototiles next to each other. As noted earlier, the tiling is converted to a point lattice simply by placing points at the vertices of the tiling. Figure 3 shows the normalized FT (magnitude) of a Penrose lattice of 711 point scatterers obtained from a Penrose tiling with tile-side of a. The diffraction pattern displayed in Figure 3 has been sampled at 501 points along −4π a < k x < 4π a and 501 points along
a for a total of 501 2 ≈ 251 × 10 3 points. As can be seen from Figure 3 , the diffraction pattern displays five-fold rotational symmetry, which is forbidden in periodic lattices. 
Higher Dimensional Approach
As noted earlier, the first observation of QCs was reported in X-ray diffraction patterns of rapidly solidified Al-Mn alloys, which displayed icosahedral symmetry, that is inconsistent with translational symmetry [2] . After this discovery, extensive studies took place to clarify the underlying aperiodic structure. Eventually, the most accurate models were obtained using the higher dimensional approach to derive the structure model of these icosahedral QCs [23] , which completely explained their X-ray and neutron diffraction intensity. The atomic configuration was derived from a 3D section of periodic atomic surfaces in 6D space [24] . Thus, the so-called higher dimensional approach is the most rigorous method to study QCs.
The higher dimensional approach is based on the fact that a QC lattice in n-dimensional physical space E n with k-fold rotational symmetry (k > n) can be embedded in a k-dimensional hyper-lattice in E k [20] . The higher dimensional space is thus referred to as the embedding space. The cut-and-project method [20] , which is based on the higher dimensional approach, thus generates a QC lattice in n-dimensional space as an irrational slice of an integer hyper-lattice in E k . In the cut-and-project method, the hyper-lattice is projected onto two orthogonal subspaces of dimensions n and k − n. The n-dimensional space E is referred to as the parallel or external subspace and corresponds to the physical space. The (k − n)-dimensional subspace E ⊥ is referred to as the perpendicular or internal subspace and corresponds to the unphysical space. Here, it is important to note that for a QC with k-fold rotational symmetry, k is not always the minimum dimension for the embedding space. The minimum dimension of the embedding space for a QC with k-fold rotational symmetry is ϕ(k), where ϕ(k) is Euler's totient function, which is the number of all positive integers less than or equal to k that are relatively prime to k [18] .
The higher dimensional approach elegantly restores all hidden symmetries of QCs into the unit cell of the hyper-lattice. This approach has been used to accurately calculate the band diagram of a Fibonacci photonic QC by applying Bloch's theorem to the higher dimensional unit cell [25] . More recently, this approach has also been used to accurately and efficiently analyze diffraction from QC gratings by applying Floquet's theorem to a higher dimensional unit cell [26] . In both cases, the results were obtained using the previously-discussed super-cell approximation approach with its stated shortcomings.
Traditionally, the diffraction patterns of QCs are obtained by first taking the FT of finite-sized point lattices and then sampling the reciprocal space to detect the peaks. We discussed the requirements for obtaining accurate diffraction patterns in the previous section and also briefly alluded to the fact that the true increased computational burden of using a larger lattice is much greater than initially expected. This is due to the fact that by definition, a crystal has a discrete diffraction pattern. By a discrete diffraction pattern, we essentially mean that the diffraction pattern is a summation of weighted Dirac delta functions. Thus, as the number of points in a crystalline (or quasicrystalline) lattice gets larger, the diffraction peaks become narrower and sharper, at infinity becoming delta functions, which in turn require sampling the reciprocal space at a higher rate to detect them, further compounding the computational burden of the problem.
Diffraction Patterns Based on Fourier Series Expansion of Higher Dimensional Atomic Surfaces
In [23] , it was noted that the diffraction pattern of a QC can be regarded as the projection of the Fourier spectrum of the hyper-lattice onto the physical space. Here, we exploit this idea to obtain the diffraction pattern of a QC from the FS expansion of the higher dimensional unit cell rather than the FT of a finite-sized super-cell. We demonstrate the method for a Fibonacci QC and a Penrose QC. The validity of the results is confirmed by comparing them to the FT of very large periodic super-cells.
Fibonacci QC
The Fibonacci QC lattice can be obtained using the cut-and-project method by taking a 1D irrational slice of a 2D periodic lattice [1] , such as that shown in Figure 4a . The primitive lattice vectors are unit vectors along e 1 and e 2 denoted respectively by a 1 and a 1 , as shown in Figure 4a , where without loss of generality, we have assumed that the lattice constant is unity. As a result, every lattice point can be represented by a set of integers. This is referred to as an integer lattice and denoted by I p 2 , where the subscript 2 corresponds to the dimensionality of the lattice. The Voronoï cell at the origin is highlighted and denoted by V(0).
We start by defining a new orthonormal basis with unit vectorsx andŷ directed along x and y, as shown in Figure 4a . As can be seen, the unit vectorsx andŷ are obtained by rotating the unit vectorŝ e 1 andê 2 by an angle φ, where tan φ = 1/τ. It can easily be shown that the transformation from thê e 1ê2 basis to thexŷ basis can be obtained by the unitary mapping M:
where κ = 1 √ 1+τ 2 . Using this mapping, the subspace x is referred to as the parallel or external subspace and is denoted by E . The parallel subspace corresponds to the physical space. Subspace y is referred to as the perpendicular or internal subspace and is denoted by E ⊥ . The perpendicular subspace corresponds to the unphysical space. As shown in Figure 4a , for every lattice point, P, its projection onto the parallel subspace E is denoted by Π(P), and its projection onto the perpendicular subspace E ⊥ is denoted by Π ⊥ (P). A Fibonacci lattice can now be obtained by the projection of lattice points onto the parallel subspace E . However, not all lattice points are projected onto the parallel subspace, and a selection criterion is used to determine the set of lattice points that should be projected to obtain a Fibonacci QC lattice. The selection window is shown in Figure 4a as the region between two parallel lines above and below the x-axis. This region corresponds to lattice points who's orthogonal projection onto the perpendicular subspace, denoted by Π ⊥ (P), falls inside the perpendicular projection of the Voronoï cell at the origin, which is denoted by Π ⊥ (V(0)) in Figure 4a .
An alternative way to generate QC lattices using the cut-and-project method is by decorating the lattice points with an atomic surface (AS) [18, 27] . ASs are projections of the higher dimensional unit cell onto the perpendicular subspace. The points of intersection of the decorated hyper-lattice with the parallel subspace yield the QC lattice. Figure 4b shows the decorated hyper-lattice for the Fibonacci QC. The ASs are line segments of length ∆ = sin φ + cos φ. Since the decorated hyper-lattice is periodic with lattice vectorsâ 1 andâ 2 , it can be expanded in terms of a FS:
where the sum is over all RVs G defined as:
such that a * 1 and a * 2 are the primitive RVs, which are related to lattice vectorsâ 1 andâ 2 by a * m ·â k = 2πδ mk where δ mk is the Kronecker delta function and r = e 1â1 + e 2â2 is the position vector. It is customary to use an equal number of terms for each dimension, which we denote by N, leading to a total number of (2N + 1) 2 terms in the FS. The value of the Fourier expansion coefficient c G in Equation (4) is given by:
where the integration is performed over the area of a unit cell. It is more convenient to evaluate the integral in Equation (6) in the xy basis using a change of variables:
whereρ(x, y) is the AS in the xy basis and can be expressed asρ(x, y) = δ(x)rect y ∆ . Using this expression, we arrive at the following result for c G :
Equation (8) gives the value of the Fourier harmonic c G for the RVs G as defined in Equation (5) . The RVs are defined with respect to the lattice vectorsâ 1 andâ 2 . We can also express the RVs in terms of the parallel and perpendicular subspaces as G = G x + G ⊥ŷ where G is the projection of G onto the parallel subspace and G ⊥ is the projection of G onto the perpendicular subspace. Thus, for the RVs G as defined in Equation (5), G and G ⊥ are:
As it was noted earlier, the parallel subspace corresponds to the physical space. Hence, in the same manner that the 1D QC lattice was obtained by taking a slice of the decorated hyper-lattice along the parallel subspace, we can obtain the diffraction pattern of the QC by taking a slice of the reciprocal space of the hyper-lattice. Thus, only the parallel components of the RVs and their corresponding Fourier harmonics are considered. Figure 5 shows the normalized diffraction pattern of the Fibonacci QC using this method. A FS expansion with 441 terms (N = 10) has been applied to the hyper-lattice ASs, and the resulting Fourier harmonics have been plotted versus the parallel components of the RVs. The results shown in Figure 5 can be verified by comparing them to Figure 1 , which obtained the diffraction pattern by taking the FT of a very large super-cell structure. 1 was obtained by evaluating the FT of a 2585 lattice at 100,001 points in the reciprocal space. As was noted, when taking the FT of a very large, but finite point lattice, it is critically important to use a very high resolution in sampling the reciprocal space, since otherwise, some strong peaks might be missed. This point is demonstrated in Figure 6 . Both Figure 6a and Figure 6b correspond to the FT (magnitude) spectra of the 2585 Fibonacci lattice, which was considered previously. The only difference is that in Figure 6a , the reciprocal space has been sampled at 10,001 points, and in Figure 6b , it has been sampled at 20,001 points. As can be seen, both of these patterns lack many of the peaks shown Figure 1 , which was sampled at 100,001 points. 
Penrose QC
Using the cut-and-project method, the Penrose QC lattice can be obtained as a 2D slice of a 5D periodic hyper-lattice. Obtaining the Penrose QC as a 2D slice of the 5D space is known as the canonical projection, which means that the unit cell of the hyper-lattice is a 5D hyper-cube. Using this method, the hyper-cube points are mapped onto a 2D parallel space and a 3D perpendicular space. However, as was noted previously, the minimum dimension of the embedding space for a QC with k-fold rotational symmetry is ϕ(k), where ϕ(k) is Euler's totient function and ϕ(5) = 4. Since lower dimensionality reduces the computational burden of the problem, we use the minimal space embedding to obtain our results. An important distinction between the 5D embedding and the 4D embedding is that in the case of the 4D embedding, the hyper-lattice is non-orthogonal. The 4D non-orthogonal hyper-lattice is known as the A 4 root lattice, and the 4D unit cell is a hyper-rhombohedral [20] . A complete discussion of the derivation of the 4D lattice is given in [18, 21] . Here, we only state the results, which are important for this work. We consider the 4D Euclidean space with the standard orthonormal Euclidean basis {ê 1 ,ê 2 ,ê 3 ,ê 4 }. The primitive lattice vectors for the A 4 root lattice are given by:
where c j = cos 4 is the body diagonal of the unit cell. The mapping matrix M from the lattice basis to the Euclidean basis is: The radii of the pentagons are [18] :
Taking a 2D slice along the parallel space of the 4D hyper-lattice will generate a Penrose QC lattice, where the tile side is 2τ 2 / √ 5 [18] . At this point, it is desired to obtain the FS expansion of our higher dimensional unit cell. To accomplish this goal, the periodic AS can be expanded in terms of Fourier harmonics:
and r is the 4D position vector given by:
As before, for practical reasons, the infinite expansion is truncated to the finite set of RVs defined as:
which leads to a total of (2N + 1) 4 terms. The value of the Fourier harmonic coefficient c G in Equation (4) can be determined from:
where the integration is performed over the 4D A 4 root lattice. The term |det (M)| corresponds to the volume of the unit cell, which due to non-orthogonality, is not unity and must be accounted for. It is more convenient to evaluate the integral in Equation (17) (18) whereρ(e 1 , e 2 , e 3 , e 4 ) is the AS in the {ê 1 ,ê 2 ,ê 3 ,ê 4 } basis. As shown in Figure 7 , the AS surface of the . The AS of the 4D hyper-lattice can be represented as the sum of four pentagonal ASs, as shown in Figure 7 . The linearity property of the FS expansion can be exploited to evaluate the expansion for each ASs separately. Evaluating individual FS terms requires performing double integration over the area of a pentagon. While this could be performed numerically, we were able to derive analytical expressions, which improved the calculation time by almost three orders of magnitude. The derivations for the analytical results are included in the Appendix. Using these results, we can now evaluate the Fourier harmonic coefficient c G for each RV G in closed-form. However, as was done in the case of the Fibonacci QC, we only need to consider the parallel component of each RV, which corresponds to the physical space. For RV G as defined in Equation (14) , the parallel space component, denoted by G , is a 2D vector in the e 1 e 2 plane given by:
such that the first element of the G corresponds to projection alongê 1 and the second element corresponds to projection alongê 2 , where at this point, we can associateê 1 andê 2 with the Cartesian dimensions of the physical space.
As noted earlier, a QC possess a discrete diffraction pattern. Figure 8a shows the magnitude of the normalized FT of a Penrose lattice with 731 points obtained from a Penrose tiling with prototile sides of 2τ 2 / √ 5. Moreover, this prototile side corresponds to the lattice obtained by taking a 2D slice of the 4D hyper-lattice. As can be seen from Figure 8a , while there are several bright spots in the pattern, the pattern is not truly discrete, since there are ripples surrounding the bright spots. This is due to the finite size of the super-cell lattice. Figure 8b shows the magnitude of the normalized FT of a Penrose lattice with 1961 points. Compared to Figure 8a , the diffraction pattern in Figure 8b displays a much better discrete nature. However, while increasing the size of the super-lattice increases the accuracy of the diffraction pattern, it will also require much finer sampling in the reciprocal space since the diffraction peaks will become more delta-like with a very narrow width. Thus, a very fine sampling of the reciprocal space is required to capture all of the diffraction spots, which further increases the computational burden of the problem. The diffraction pattern in Figure 8b was obtained by sampling 3001 points along each dimension of the reciprocal space for a total of roughly nine million points. Figure 9 shows the normalized diffraction pattern of the Penrose QC obtained from the FS expansion of the 4D hyper-lattice with 279,841 terms (N = 11). Here, we note some important details regarding Figure 9 . First, due to the very large number Fourier harmonics, we have performed a thresholding and only plotted Fourier harmonics above a certain threshold. We have used the threshold of −40 dB in Figure 9 . Secondly, since it is extremely difficult to discern delta-like peaks in the diffraction pattern due to their infinitesimal width, to better visualize the discrete peaks, we have used Gaussian pulses of the form Ae (αR 2 )/A , where A is the amplitude of the Fourier harmonic expansion coefficient, R is the Euclidean distance from the location of the Fourier harmonic in the reciprocal space and α is some arbitrary positive decay constant.
Comparing Figure 8b with Figure 9 , we can see that many of their features are identical. Both figures have been normalized, and as a result, it is difficult to discern peaks with a smaller magnitude. To overcome this issue, instead of plotting the normalized magnitude of the diffraction peaks, we plot the square root of the normalized magnitude. This non-linear mapping has the effect of enhancing smaller peaks, which allows for a better comparison of finer details. This comparison is illustrated in Figure 10 . The square root of the normalized FS expansion harmonics obtained from the expansion of the ASs in the 4D hyper-lattice are displayed in Figure 10a , while Figure 10b plots the square root of the normalized FT of a Penrose super-lattice. As can be seen, these plots display many of the finer features not visible in Figure 8b and Figure 9 . One of the most striking features seen in Figure 10a , which is not present in Figure 10b , is the discrete nature of the diffraction pattern. This phenomenon is particularly noticeable in the region surrounding the origin, where in Figure 10a , a series of discrete peaks are present, whereas in Figure 10b , a series of ripples surround the origin.
The presence of ripples surrounding the bright spots in FT patterns can lead to inaccurate results in several ways. First, they can mask weaker diffraction peaks, as can be seen in Figure 10b , in the region surrounding the origin. Moreover, they also can lead to the appearance of spurious spots in the pattern (in-phase addition). 
From the Vertex Model to Natural QCs
During our derivations, we assumed identical particles at all vertices. We call this the vertex model. This assumption is valid for many optical and photonic structures based on QC morphologies [12, 14, 16, 17] . However, in natural QCs, this is not the case, and different atoms are placed at different vertices. Hence, an important question arises, which is, can this methodology be extended to natural QCs where the vertex model is no longer valid? Here, we show that our approach can be generalized to all types of QCs where ASs are decorated with different atoms.
To demonstrate the validity of our approach, let us consider the Penrose lattice with icosahedral symmetry. The Penrose lattice prototiles consist of a narrow rhombus tile (vertex angles π/4 and 4π/5) shown in Figure 2a and a wide rhombus tile (vertex angles 2π/5 and 3π/5) shown in Figure 2b of identical sides. The tiling, shown in Figure 2c , is obtained by placing prototiles next to each other based on specific matching rules, which requires aligning arrows and double arrows. A close inspection of Figure 2c shows eight distinct types of vertices in the tiling denoted by 3 1 D, 5 Figure 11 . For each vertex, the subscript corresponds to the number of double arrows surrounding it, and the superscript corresponds to the number of tiles surrounding it [28] . In fact, each of these vertices can be associated with a specific portion of the four pentagonal atomic surfaces, as shown in Figure 7 . AS segments corresponding to each vertex type are shown in Figure 12 , and the frequency of each vertex is directly proportional to its corresponding atomic surface [28] . In our vertex model, we assume identical particles at all vertices. Hence, to evaluate c G in Equation (18) , the integration was performed uniformly over all ASs. As noted before, this is valid for many optical and photonic structures based on QC morphologies; however, in natural QCs, this is not the case, and different atomic surfaces are decorated with different atoms. To account for different atoms at different vertices, the integration in Equation (18) must include a weighing factor for different regions of ASs corresponding to different vertices. While this has not been completely investigated, we believe that the weighing factor should be proportional to the mass of the atom occupying the atomic surface. 
Conclusions
We have presented a rigorous method to obtain and analyze the diffraction properties of QC lattices. Previously, the diffraction patterns of QCs have been obtained by taking the FT of very large super-lattices. The first problem with using super-lattices is that they attempt to capture the properties of a QC by only considering a finite subset of an infinite structure. As a result, very large super-lattices are required to produce accurate results, which significantly increases the computational burden of the problem. Furthermore, as the size of the super-lattice is increased, the diffraction pattern becomes more discrete with delta-like peaks. Thus, the sampling in the reciprocal space must be performed with a very fine resolution to capture all of the diffraction spots.
Our method is based on the cut-and-project technique, which constructs QC lattices as lower dimensional slices of higher dimensional periodic hyper-lattices. The periodicity of the higher dimensional hyper-lattice makes it possible to expand the associated unit cell in terms of Fourier harmonics, which leads to a discrete spectrum. Unlike the super-lattice approach, our method is exact and captures all of the properties of the complete infinite QC structure.
The utility of the proposed method was demonstrated for two important QCs; the 1D Fibonacci and the 2D Penrose QCs. In both cases, we showed that it was possible to derive analytical expressions for the Fourier harmonics of the higher dimensional ASs. These findings were validated by comparing them to results obtained via the conventional approach based on evaluating the FT of very large hyper-lattices. Besides the large computational burden associated with applying a FT to super-lattices, we also demonstrated that such methods can lead to inaccurate results due to the continuous nature of the FT, which can generate spurious modes (due to the coherent addition of ripples) or null some modes (due to the destructive addition of ripples). Finally, we proposed how our approach can be generalized from the vertex model, which assumed identical particles at all vertices, to a more realistic case where different ASs are occupied by different atoms.
and represents the pentagon shown in Figure A1 . We can now express the exponent in Equation (17) in terms of its parallel and perpendicular subspace components:
The parallel subspace component of Equation (A4) is of trivial importance. However, the perpendicular component is required to evaluate the Fourier expansion harmonics. Using Equation (A1), the expression for G ⊥ · r ⊥ is found to be:
where:
Substituting all of these results into Equation (17), we arrive at: Figure A1 . AS is a pentagon of radius R in the perpendicular subspace.
Using the sifting property of the delta function, it follows that the value of the first double integral in Equation (A7) is simply unity. The second integral involves integrating exp (−iG ⊥ · r ⊥ ) over the pentagon , as shown in Figure A1 . After some manipulation, we arrive at the following closed-from expression, which we denote by c 0 G as: if ζ 1 = ζ 2 = 0
where F 1 (ζ 1 , ζ 2 ) and F 2 (ζ 1 , ζ 2 ) are given by: 
